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ABSTRACT
We propose a mixture evolution scenario to model the evolution of the radio luminosity function
(RLF) of steep spectrum AGNs (active galactic nuclei) based on a Bayesian method. In this scenario,
the shape of the RLF is determined by both the density and luminosity evolution. Our models indicate
that the density evolution is positive until a redshift of ∼ 0.9, at which point it becomes negative,
while the luminosity evolution is positive to a higher redshift (z ∼ 5 for model B and z ∼ 3.5 for model
C), where it becomes negative. Our mixture evolution model works well, and the modeled RLFs are in
good agreement with previous determinations. The mixture evolution scenario can naturally explain
the luminosity-dependent evolution of the RLFs.
Subject headings: galaxies: active — galaxies: luminosity function, mass function — radio continuum:
galaxies.
1. INTRODUCTION
Observations have suggested that the radio-loud ac-
tive galactic nuclei (AGNs) can play an important role
in feedback, and thus have a significant impact on
galaxy evolution, with AGN outflows being responsi-
ble for controlling or terminating star formation (SF;
e.g. Cattaneo et al. 2009; Fabian 2012; Best et al. 2014;
Heckman & Best 2014). To understand the significance
of such AGN feedback processes and their influence on
the global SF history of the Universe (McAlpine et al.
2013), it is important to first understand the evolution
of the radio luminosity function (RLF) to high redshift.
In the study of RLF, an increasingly acceptable
viewpoint is that the powerful radio AGNs undergo
very rapid evolution to a redshift of z ∼ 3 ,
while the lower luminosity radio population only ex-
periences much milder positive evolution to z ∼ 1
(e.g. Waddington et al. 2001; Clewley & Jarvis 2004;
Rigby et al. 2011; McAlpine et al. 2013; Rigby et al.
2015). The different evolution for high- and low-
luminosity radio-loud AGNs may reminds one to re-
gard them as two essentially different populations. How-
ever, the simple division based on the radio luminos-
ity may not reveal the physical essence. Over recent
years, it has become clear that a more essential classi-
fication of radio-loud AGNs is based on the AGN ac-
cretion state. Radio sources powered by radiatively ef-
ficient accretion of cold gas onto a geometrically thin,
optically thick accretion disk are referred to as high-
excitation radio galaxies (HERGs), or ‘quasar-mode’
accretors (Best & Heckman 2012; Gendre et al. 2013).
While those powered by the radiatively inefficient accre-
tion of hot gas (Hardcastle et al. 2007; Yuan & Narayan
2014) onto a geometrically thick accretion disk are re-
ferred to as low-excitation radio galaxies (LERGs), or
‘radio-model’ accretors. Quasar-mode and radio-model
AGNs dominate the radio-AGN population at higher and
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lower radio luminosities respectively (Best et al. 2014).
However, this does not mean one can separate the two
radio populations by a simple division in radio luminos-
ity. As shown by Best & Heckman (2012), both quasar-
mode and radio-mode radio AGNs are found across all
radio luminosities.
In the past two decades, research on the RLF of
radio-loud AGNs has been increasingly abundant(e.g.
Waddington et al. 2001; Clewley & Jarvis 2004;
Smolcˇic´ et al. 2009; Donoso et al. 2009; McAlpine et al.
2013; Rigby et al. 2015; Fine et al. 2015). However,
most of these works are non-parametric RLFs derived
by the classical binned 1/Vmax method(see Schmidt
1968; Yuan & Wang 2013). The two most representative
papers (Dunlop & Peacock 1990; Willott et al. 2001)
on the parametric analysis of RLFs were published
more than a decade ago. The above authors artificially
divided the RLFs to be the sum of two components,
i.e., a high-luminosity evolving component ρh, and a
low-luminosity non-evolving/mild-evolving component
ρl. Then they considered ρ = ρl + ρh and modeled ρ
using pure density evolution (PDE) or pure luminosity
evolution (PLE) models. In this work, we do not artifi-
cially separate the low-luminosity and high-luminosity
populations into two evolving components. We use
mixture evolution models, which consider a combination
of density and luminosity evolution, to parameterize
the steep-spectrum AGN RLFs. For the parameterizing
procedure, a Bayesian method is used.
Throughout the paper, we adopt a Lambda Cold Dark
Matter cosmology with the parameters Ωm = 0.27, ΩΛ
= 0.73, and H0 = 71 km s
−1 Mpc−1.
2. THE SAMPLE
The data we used in this work is the combined sam-
ple established by Yuan & Wang (2012). It consists of
four sub-samples: the MRC1 (McCarthy et al. 1996), the
MS4 (Burgess & Hunstead 2006), the BRL (Best et al.
1999) and the 3CRR (Laing et al. 1983) samples. The
sources (totaling 1063) in our sample are all steep-
spectrum ones, which mainly consist of radio galaxies
(RGs) and steep-spectrum quasars. All of the sources
have flux density data observed at 408 MHz. At this rel-
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atively lower frequency, the radio emission is mainly from
the extended lobes of the radio-loud AGNs, minimizing
the effect of orientation bias. For more details about the
combined sample, please refer to Yuan & Wang (2012).
3. METHODS
3.1. The Likelihood function for the RLF
The RLF ρ(z, L) is defined as the number of sources
per comoving volume V (z) with radio luminosities in the
range of L,L+ dL. It is related to the probability distri-
bution of (z, L) by
p(z, L) =
1
N
ρ(z, L)
dV
dz
. (1)
where N is the total number of sources in the uni-
verse, and is given by the integral of ρ over L and
V (z) (Kelly et al. 2008). The likelihood function for
the observed data p(Lobs, zobs|θ)can be derived, once
we assume a parametric form for ρ(z, L), with param-
eters θ. Marshall et al. (1983) give a likelihood func-
tion based on the Poisson distribution and define S =
−2ln(p(Lobs, zobs|θ)). Dropping terms independent of
the model parameters, one finds
S = −2
Nobs∑
i
ln[ρ(zi, Li)]+
2
∫ ∫
ρ(z, L)Ω(z, L)
dV
dz
dzdL.
(2)
Usually, best estimates for the model parameters are ob-
tained by minimizing S. In this work, we use a Bayesian
method as described in section 3.2 to obtain not only the
best estimates for the model parameters, but also their
probability distribution. The limits of the integral in S
should consider our combined sample, which consists of
four sub-samples. Then we have
S = −2
Nobs∑
i
ln[ρ(zi, Li)]+
4∑
j
Ωj
∫ zj
2
z
j
1
dz
dV
dz
∫ Lj
2
max[Lj
1
,L
j
min
(z)]
ρ(z, L)dL,
(3)
where (zj1, z
j
2) and (L
j
1, L
j
2) are the redshift and luminos-
ity limits of the jth sub-sample, respectively, Ljmin(z)
is the luminosity limit corresponding to the flux density
limit, and Ωj is the solid angle subtended by the sub-
sample j.
Thus, we have given the general form of the RLF like-
lihood function. It can be used to perform Bayesian in-
ference by combining with a prior distribution.
3.2. Bayesian inference for the RLF parameters
The purpose of Bayesian analysis is to estimate the
probability distribution of the model parameters (called
as the posterior distribution), given by the observed data.
It is
p(θ|Lobs, zobs) ∝ p(θ)p(Lobs, zobs|θ),
(4)
where p(θ) is the prior distribution of (θ), which should
convey information known prior to the analysis, and
p(Lt,obs, zobs, I|θ) is the observed data likelihood function
defined in Equations 2 and 3. In this work, we assume a
uniform prior on θ. This is equivalent to setting a value
range for it.
The posterior distribution of θ given above can be used
to perform Bayesian inference. This can be achieved by
drawing values of θ from its posterior distribution using
a Markov chain Monte Carlo (MCMC) sampling algo-
rithm. The MCMC sampler here used is the public code
“COSMOMC”, which was presented by Lewis & Bridle
(2002). See Mackay (2003) for more details about the
MCMC method.
3.3. The form of the RLF
For the forms of the RLFs, pure density evolution
(PDE) models (e.g., Willott et al. 2001) and pure lumi-
nosity evolution (PLE) models (Dunlop & Peacock 1990)
have been adopted in the literature. To achieve a good
fitting, the above authors have to consider the RLFs to
be the sum of two components, i.e., a high-power evolv-
ing component ρh, and a low-power non-evolving/mild-
evolving component ρl. We use the mixture evolution
models first introduced by Heisler & Ostriker (1988) to
model the RLF. The mixture evolution models consider
a combination of density and luminosity evolution to pa-
rameterize the RLF. Mathematically, suppose the evolu-
tion of RLF is a vector ~E, then it can be written as
~E = e1 ~Ed + e2 ~El, (5)
where ~Ed and ~El are the base vectors of density and lu-
minosity evolution respectively. e1 and e2 are the co-
efficients, which are usually the functions of redshift.
The physical meaning of density evolution is whether the
sources are more/less numerous than that of today, while
the luminosity evolution represents whether the sources
are more/less luminous than that of today. Thus the ad-
vantage of mixture evolution models is that they can dis-
criminate the above two evolutions with different physi-
cal meaning.
Our mixture evolution model RLF can be written as
the following general form.
ρ(z, Lt) = e1(z)ρ(z = 0, L/e2(z)), (6)
where e1(z) and e2(z) are the functions describing the
density and the luminosity evolution respectively. The
density evolution function e1(z) we used is very similar
to the one adopted by Cara & Lister (2008),
e1(z) =


zm exp
[
−
1
2
(
z − z0
zσ
)2]
, 0 < z 6 z0
zm, z > z0
(7)
where m, z0, and zσ are free parameters of the model.
The local luminosity function ρ(z = 0, L/e2(z = 0)) is a
double power-law form described as
ρ(z = 0, L/e2(z = 0)) =
dN
d logL
= φ0
[(
L
L∗
)α
+
(
L
L∗
)β]−1
,
(8)
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Fig. 1.— Left: 1-D probability distribution of the parameters in the models (the red dash dot curves are the mean likelihoods of MCMC
samples and the black solid curves are the marginalized probabilities, see Lewis & Bridle 2002); Right: 2-D confidence contours of the
parameters. The contours are for 1 and 2 σ levels. For the 2D confidence regions of the parameters, we only show combinations with
relatively large correlation. The upper, middle and lower panels are for model A, C and D respectively.
where φ0, α, L∗ and β are free parameters of the model.
The luminosity evolution function e2(z) has three dif-
ferent forms depending upon the model: the traditional
power-law form
e2(z) = (1 + z)
k1 (9)
for model A, the modified power-law form used by
Ajello et al. (2012)
e2(z) = (1 + z)
k1exp(z/k2) (10)
for model B, and the polynomial form used by
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Fig. 2.— The RLFs derived for model A (top panel), B (middle
panel) and C (bottom panel) at z=0.1,0.55,1,2,3 and 4 (red, blue,
green, violet, black solid lines and red dashed lines respectively).
The RLFs at z=4 are marked as red dashed lines to clarify whether
a redshift cut-off occurs or not at z>3. The red and gray lines with
error bars show the local RLFs of Best & Heckman (2012) and
Mauch & Sadler (2007) respectively. The blue lines with error bars
show the RLF at 〈z〉 =0.55 derived by Donoso et al. (2009). These
RLFs have been converted to the same frequency and cosmology
used by our work.
Dunlop & Peacock (1990) and Boyle et al. (2000)
e2(z) = 10
k1z+k2z
2
(11)
for model C.
4. RESULTS
4.1. The modeled RLFs
In Figure 1, we show the one-dimensional (1D) prob-
ability distributions (the dashed curves are the mean
likelihoods of MCMC samples and the solid curves are
the marginalized probabilities, see Lewis & Bridle 2002;
Yan et al. 2015) and two-dimensional (2D) confidence re-
gions (at 1σ and 2σ confidence levels) of the model pa-
rameters. The upper, middle, and lower panels are for
models A, B, and C respectively. The best-fit model pa-
rameters correspond to the peak of the 1D probability
distributions (the marginalized probabilities, the solid
curves in Figure 1). For the 2D confidence regions of
the parameters, we only show the combinations with rel-
atively large correlations (e.g., Yuan et al. 2011). The
values of the best-fitting parameters and their 1 σ error
are reported in Table 1.
In Figure 2, we show the best-fit RLFs of models
A, B, and C at z = 0.1, 0.55, 1, 2, 3 and 4. All three
models show luminosity-dependent evolution where the
low-luminosity radio sources experience weaker evolution
than their bright counterparts. The faint sources experi-
ence mild positive evolution out to z ∼ 1.0. Beyond this
redshift, this evolution slows down. However, the bright
sources evolve strongly to z > 3.0. The above pictures
are in good agreement with previous studies, showing
that our mixture evolution models are effective.
Figure 2 shows that our three models present very
similar results for the bright end RLFs, while they give
slightly different results for the faint end RLFs. Model
B gives a milder evolution for the faint sources than
that given by Models A and C. We then perform the 1D
and 2D Kolmogorov-Smirnov (KS) tests (Peacock 1983;
Fasano & Franceschini 1987; Press et al. 1992) to esti-
mate the goodness-of-fit of models. The goodness-of-fit
(KS test probabilities) of the models are reported in Ta-
ble 2. All the three models are acceptable because they
satisfy the condition of PKS > 0.2 (Peacock 1983). The
KS tests show that model B is marginally favored over
models A and C.
4.2. Comparing with local RLFs
Up to now, multi-wavelength observed data of the
radio-loud AGNs has become abundant. By combining
different surveys, such as the Sloan Digital Sky Survey
(SDSS), the NRAO (National Radio Astronomy Obser-
vatory) VLA (Very Large Array) Sky Survey (NVSS)
and the Faint Images of the Radio Sky at Twenty Cen-
timetres (FIRST) survey, one is able to construct large
samples of radio-loud AGNs down to a flux limit of few
mJy. Based on these large and deep samples, the local
(Mauch & Sadler 2007; Best & Heckman 2012) and low
(z ∼ 0.55) redshift (Donoso et al. 2009) RLFs are well
determined. Figure 2 shows the comparison among these
results with our model RLFs. Notably, all of these pre-
vious RLFs are calculated at 1.4 GHz. We have shifted
luminosities from 1.4 GHz to 408 MHz according to a
power law (L/ν ∝ ν−α, with α = 0.70). Besides, we also
A mixture evolution scenario of the AGN RLF 5
TABLE 1
Best-fit Parameters
Model log10 φ0 log10 L∗ α β m z0 zσ k1 k2
A -5.278+0.151
−0.280
25.82+0.18
−0.09
1.76+0.03
−0.03
0.54+0.12
−0.07
-0.67+0.13
−0.11
0.974+0.080
−0.041
0.351+0.038
−0.016
2.434+0.148
−0.185
-
B −5.836+0.367
−0.191
25.87+0.15
−0.13
1.79+0.04
−0.03
0.56+0.10
−0.09
−0.72+0.15
−0.09
0.876+0.093
−0.041
0.365+0.037
−0.027
4.321+0.361
−1.068
−1.496+0.259
−1.953
C −5.308+0.286
−0.182
25.86+0.13
−0.13
1.76+0.03
−0.03
0.53+0.11
−0.08
−0.73+0.17
−0.07
0.915+0.076
−0.041
0.320+0.032
−0.015
−0.107+0.025
−0.021
0.796+0.072
−0.119
Units – φ0: [Mpc−3], L∗: [WHz−1]. The best-fitting parameters as well as their 1 σ errors for model A, B and C.
TABLE 2
Goodness-of-fit
Model 1D-PKS-L 1D-PKS-z 2D-PKS
A 0.58 0.99 0.34
B 0.67 0.99 0.39
C 0.56 0.99 0.33
The goodness-of-fit of the models. These are the probabilities from
the 1D (for z and L) and 2D KS tests to the L408 − z distribution.
need to convert their results to the one in the same cos-
mology used by our work. This can be achieved by using
the following relation from Peacock (1985),
ρ1(z, L1)
dV1
dz
= ρ2(z, L2)
dV2
dz
. (12)
Figure 2 shows both the local and z = 0.55 RLFs are in
good agreement with previous determinations, indicating
that our mixture evolution model is successful.
4.3. Luminosity-dependence of the high-redshift
turnover
In recent years, evidence is growing that the position of
the steep-spectrum RLF peak is luminosity dependent,
being interpreted as a sign of cosmic downsizing. Recent
evidence is given by Rigby et al. (2015), showing that
the space density of the most powerful sources peaks at
higher redshift than that of their weaker counterparts.
Figure 3 shows the space density changing with redshift
for our model B and C at various luminosities. For the
convenience in comparing with the result of Rigby et al.
(2015) (their Figure 4), we have shifted the luminosi-
ties to 1.4 GHz by assuming a spectral index of 0.70. It
shows that our models are in broad agreement with their
result. We also notice that a space density peak is more
clearly shown at high radio luminosities than that at low
radio luminosities. Similar phenomenon is also noticed
by Rigby et al. (2015), who find that at P1.4GHz > 10
26
W/Hz the redshift of the peak space density increases
with luminosity, whilst at lower radio luminosities the
position of the peak remains constant within the uncer-
tainties.
4.4. The Redshift Cut-off
The redshift cut-off, involving whether the comoving
number density of radio AGNs declines dramatically at
the redshift beyond z ∼ 2.5, is a unsolved problem in
the research of RLF. The RLFs of flat-spectrum ra-
dio sources support the existence of the redshift cut-
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-12
-10
-8
-6
-4
Model B
27<log10L<28
26<log10L<27
25<log10L<26
24<log10L<25
lo
g 1
0(
 M
pc
-3
(
lo
g 1
0L
1.
4G
H
z)-
1 )
z
 
 
0.1 1
-12
-10
-8
-6
-4
27<log10L<28
26<log10L<27
25<log10L<26
24<log10L<25
lo
g 1
0(
 M
pc
-3
(
lo
g 1
0L
1.
4G
H
z)-
1 )
z
Model C
 
 
Fig. 3.— Model B and Model C RLFs as function of redshift,
having been converted to the same frequency used by Rigby et al.
(2015). The black, red, green, blue and violet dashed lines show the
RLFs at log10 L1.4GHz=24.5, 25.5, 26.5, 27.5 and 28.5 respectively.
The light shaded areas take into account the 1 σ error bands. The
black, red, green and blue solid lines show the result of Rigby et al.
(2015).
off (e.g., Dunlop & Peacock 1990; Shaver et al. 1996;
Jarvis & Rawlings 2000; Wall et al. 2005), while the red-
shift cut-off in the steep-spectrum radio sources has much
controversy. Dunlop & Peacock (1990) first proposed a
red-shift cutoff for steep-spectrum radio sources, but sev-
eral authors (e.g., Jarvis et al. 2001; Cruz et al. 2007)
subsequently argued that there is no compelling evidence
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Fig. 4.— Density and luminosity evolution functions for Models
A (black solid lines), B (red solid lines) and C (green solid lines).
of a high-redshift decline in steep spectrum radio sources.
Considering the existence of peaks for density and lu-
minosity evolution (see Figure 4), both model B and C in
principle enable the occurrence of redshift cut-off. How-
ever, the evidence for a redshift cut-off does not appear to
be significant given the uncertainties on the space den-
sity evolution shown in Figure 3 for Model B. In com-
parison, Model C support a more significant evidence
for a redshift cut-off. Nevertheless, we can notice that
the turnover redshift is at least greater than 4, which
is remarkably bigger than previous determinations (z ∼
2.5, e.g., Dunlop & Peacock 1990). To sum up, we be-
lieve that the existence of redshift cut-off still depends on
models. Given that the only model (C) which supports a
significant existence of redshift cut-off is not overwhelm-
ingly favoured over the others, we conclude that based on
the current sample we do not find compelling evidence
for a redshift cut-off for steep-spectrum radio sources. In
the future, samples based on deeper and fainter radio sur-
veys are expected to provide more significant constraint
on the density evolution, especially the luminosity evo-
lution of RLFs.
5. DISCUSSION
The main point of this work is that we use mixture
evolution to model the RLFs. In this scenario, the shape
of RLFs is determined by both the density and luminos-
ity evolution. Our result (see Figure 4) indicates that
the positive density evolution continues to a redshift of
∼ 0.9 and then changes its sign (positive to negative),
while the positive luminosity evolution continues to a
higher redshift (∼ 5 for model B and ∼ 3.5 for model C)
and then changes its sign. Usually, the flatter a LF is,
the more sensitive is it to the density evolution, whereas
the steeper a LF is, the more sensitive is it to the lu-
minosity evolution (see Figure 5). For a double power-
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log L
 LF at z=z0
 PDE, LF at z=z1
 PLE, LF at z=z1
 
 
Fig. 5.— Example of LF shows that the flatter an LF is, the
more sensitive is it to the density evolution, whereas the steeper
an LF is, the more sensitive is it to the luminosity evolution.
law RLF, it is generally flatter at low luminosity and
steeper at high luminosity, hence the turnover redshift of
evolution for low-luminosity sources must be lower than
that of high-luminosity sources, displaying a luminosity-
dependent evolution.
Intuitively understanding, the physical meaning of
density evolution is whether the sources are more/less
numerous than that of today, while the luminosity evo-
lution represents whether the sources are more/less lumi-
nous than that of today. But the more profound physical
significance behind them is still unknown. We speculate
that the density evolution is associated with the density
distribution of accreting black holes, while the luminosity
evolution is related with the changing of accretion state.
This will be the subject of a future work.
6. CONCLUSIONS
The main results of this work are as follows.
1. We propose a mixture evolution scenario to model
the steep-spectrum AGN RLF based on a Bayesian
method. In this scenario, the shape of the RLF is
determined together by the density and luminosity
evolution. Our models indicate that the positive
density evolution continues to a redshift of ∼ 0.9
and then changes its sign (positive to negative),
while the positive luminosity evolution continues
to a higher redshift (∼ 5 for model B and ∼ 3.5 for
model C) and then changes its sign.
2. The mixture evolution scenario can naturally ex-
plain the luminosity-dependent evolution of the
RLF. In agreement with previous results, we find
that a space density peak is more obviously shown
at high radio luminosities than that at low radio
luminosities.
3. The existence of redshift cut-off still depends on
models. Given that the only model (C) that sup-
ports a significant existence of redshift cut-off is not
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overwhelmingly favored over the others, we con-
clude that based on the current sample we do not
find compelling evidence for a redshift cut-off for
steep-spectrum radio sources. Even if the redshift
cut-off indeed exists, we believe the turnover red-
shift should be greater than previous determina-
tions.
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